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Abstract. It is known that solutions of nonlocal dispersal evolution equations do not become 
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general criteria concerning space regularity of transition fronts in nonlocal dispersal evolution 
equations with a large class of nonlinearities, which allows the applicability of various techniques 
for reaction-diffusion equations to nonlocal equations, and hence serves as an initial and fun¬ 
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differentiable and increasing interface location functions, which give a better characterization of 
the propagation of transition fronts and are of great technical importance. 
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1 Introduction 


Reaction-diffusion equations of the form 

ut = Uxx + {t,x)eRxR (1.1) 

are widely used to model diffusive systems in applied sciences. The nonlinearity / arising from 
many diffusive systems in biology or physics possesses two zeros representing two states, say 
0 and 1, that is, f(t,x,0) = f{t,x,l) = 0 for all {t,x) € M x M. Since the pioneering works 
of Fish (see m) and Kolmogorov, Petrowsky and Piscunov (see [28]) on the traveling waves 
of (|1.1|1 connecting the two constant states, i.e., u = 0 and u = 1, in the case f{t,x,u) = 
u{l — u), a vast amount of literature has been carried out to the understanding of front-like 
solutions connecting u = 1 and rt = 0 in such an equation and its generalized forms. We 
refer to I2113112311M1 [2711591 E] and references therein for works in homogeneous media, i.e., 
f{t,x,u) = f{u). Recently, there is a lot of progress concerning (II.ip in heterogeneous media. 
We refer to [101 |20l |33l jM] [371 ISHl HQ] (58] [60l [63| and references therein for works in space 
heterogeneous media, i.e., f{t,x,u) = f{x,u), and to [Tl[38lll3lHUIlGl|171ll9l[50] and references 
therein for works in time heterogeneous media, i.e., f{t,x,u) = f{t,x). There are also some 
works in space-time heterogeneous media (see e.g. [2911301 EDEsllMlliailHlIlo]) , but it remains 
widely open. 

When using equation (11.11) to model a diffusive system in applied sciences, it is implicitly 
assumed that the internal interaction range of organisms in the system is infinitesimal and that 
the internal dispersal can be described by random walk. However, in practice, a diffusive system 
may exhibit long range internal interaction. Equation (jl.ll) is then no long suitable to model 
such a system. More precisely, the random dispersal operator dxx is no long suitable. As a 
substitute, the nonlocal dispersal operator is introduced (see e.g. [22l [25| for some background) 
and we are now concerned with the following integral equation 

Ut = J * u — u + f{t,x,u), (t,x)€MxM, (1.2) 

where J is a convolution kernel and [J * u]{x) = J^J{x — y)u{y)dy = J{y)u{x — y)dy. There 
is also a great amount of research toward the understanding of front-like solutions of m 
connecting u = 0 and u = 1. See [aEnsuniiiaiisKiTKisiiig and references therein for 
the study in the homogeneous case f{t,x,u) = /(«). See [TJ [14] for the study in the case that 
f{t, X, u) = f{t, u) is periodic or almost periodic in t. In [TO] [55] [56] [57] , the authors investigated 
(|1.2p in space periodic monostable media, i.e., f{t,x,u) = f{x,u) is of monostable type and 
periodic in x, and proved the existence of spreading speeds and periodic traveling waves. In 
[E] , the authors studied the existence of spreading speeds and traveling waves of (11.21) in space- 
time periodic monostable media. Very recently, both Berestycki, Coville and Vo (see M), and 
Lim and Zlatos (see [32]) investigated (II.2p in space heterogeneous monostable media. While 
Berestycki, Coville and Vo studied principal eigenvalue, positive solution and long-time behavior 
of solutions, Lim and Zlatos proved the existence of transition fronts in the sense of Berestycki- 
Hamel (see [II1[I2]). In [SUES], the authors studied (II.2p in the time heterogeneous media of 
ignition type, and prove the existence, regularity and stability of transition fronts. 

However, comparing to the classical random dispersal case, i.e., (ini), results concerning front 
propagation for ()1.2I) are still very limited. One of the difficulties arising in the study of front 
propagation dynamics of (|I.2p is that solutions of (II.2j) do not become smoother as time t elapses 
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due to the fact that the semigroup generated by the nonlocal dispersal operator u ^ J*u — u has 
no regularizing effect. The objective of the present paper is to investigate the space regularity of 
transition fronts of (jl.2p with various nonlinearities, including the monostable nonlinearity, the 
ignition nonlinearity, and the bistable nonlinearity. The results to be developed in this paper 
have important applications in the study of stability, uniqueness, asymptotic, etc. of transition 
fronts of (11.21) . 

To state the main results of this paper, we first introduce two standard hypotheses. 

(HI) satisfies J ^ 0, J G C^, J(x) = J{—x) > 0 for x G M, J{x)dx = 1 and 

f J{x)e^^dx < oo, f \J'{x)\e^^dx < oo, Vy G M. 

■/ M M 


(H2) There exist functions Jb ■ [0,1] ^ M and /m : [0,1] ^ M such that 

fsiu) < f{t,x,u) < fuiu), (t,x,u) G M X M X [0,1]; 
moreover, the following conditions hold: 

— / : M X M X [0,1] —>■ M is continuous and continuously differentiable in x and u, and 
satisfies 


sup \fx{t,x,u)\ < oo and sup \fu{t, x,u)\ < oo; 

(t,ic,ti)GMxRx [0,1] (t,a:,ti)GRxRx [0,1] 

— there exist 9i G (0,1) such that fu{t,x,u) < 0 for all {t,x,u) G M x M x [0i, 1]; 

— /b is of standard bistable type, that is, /b(0) = fB{0) = /b(1) = 0 for some 9 G (0,1), 
/b(u) < 0 for u G (0,0), /s(u) > 0 for u G (0,1) and fg fB(u)du > 0; moreover, 
ut = J * u — u + fB{u) admits a traveling wave 4>b{x — CBt) with 4>b{—oo) = 1, 
4>b{oo) = 0 and cb ^ 0; 

— /m is of standard monostable type, that is, /m(0) = /m(1) = 0 and /m(u) > 0 for 
u G (0,1). 

We remark that cb must be positive. Observe that nonlinear functions satisfying (H2) include 
the monostable nonlinearity, the ignition nonlinearity, and the bistable nonlinearity satisfying 
the conditions below. 

(i) Monostable or Fisher-KPP nonlinearity. 

Standard monostable nonlinearity /(•): /(O) = /(I) = 0, f{u) > 0 for u G (0,1), and 
is decreasing in u. 

General monostable nonlinearity /(•, •, •): /min(u) < f{t,x,u) < /max(u) for {t,x) G M x M 
and u G [0,1], where /min(') aud /max(u) are two standard monostable nonlinearities, and 
decreasing in u for any (t, x) G M x M. 

(ii) Ignition nonlinearity. 

Standard ignition nonlinearity /(•): f{u) = 0 for tt G [0,0] U {1}, /(u) > 0 for u G (0,1), 
and /u(l) < 0, where 0 G (0,1) is referred to as the ignition temperature. 
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General ignition nonlinearity /(•, fmin{u) < f{t, x, u) < fmaxiu) for {t,x) G M x M and 
u G [0,1], where /min(') and /max(') are two standard ignition nonlinearities. 

(iii) Bistable nonlinearity. 

Standard bistable nonlinearity /(•): /(O) = f{6) = /(I) = 0, f{u) < 0 for rx G (0,0), 
f{u) > 0 for tt G (0,1), and /n(0) < 0, /«(!) < 0, fu{0) > 0, where 0 G (0,1). 

General bistable nonlinearity /(•,•,•): fm^n ftt) < f{t,x,u) < fmax{u) for {t,x) G M x M 
and u G [0,1], where /min(‘) and /max(‘) are two standard bistable nonlinearities with 
fo fmm(u)du > 0 and ut = J*u — u + fmin(u) having traveling waves with nonzero speed. 

We remark that (H2) can also be applied to a general bistable nonlinearity f{t,x,u) with 
fo fmax(u)du < 0 and ut = J*u — u + fmax (rt) having traveling waves with nonzero speed. In 
fact, let v(t,x} = 1 — u{t,x). Then, v(t,x) satisfies 

vt = J * V — V + f{t,x,v), (t, 3 :)gMxM, 

where f{t, x, v) = —f{t, x,l — v). Hence 

fmm{v) < f{t, X, v) < fmax{v), (t,X,v) G M X M X [0, 1] 

where frain{v) = -/max(l “ v) and fraaxiv) = -/min(l “ v). Clearly, /min(-) and /max(-) are 
two standard bistable nonlinearities and fg fmin('v)dv > 0 and ut = J*u — u + fmin(u) admits 
traveling waves with nonzero speed. 

We also remark that, besides monostable, ignition, and bistable nonlinearities, nonlinear 
functions satisfying (H2) include those having more than one zeros between 0 and 1. 

Next, we recall the definition of transition fronts of (II.2h connecting u = 0 and u = 1. 

Definition 1.1. Suppose that f{t,x,0) = f{t,x,l) = 0 for all {t,x) G M x M. A global-in-time 
solution u{t,x) of (jl.2h is called a (right-moving) transition front (conneeting 0 and 1) in the 
sense of Berestycki-Hamel (see fin also see \44f ) if u{t, x) G (0,1) for all {t,x) G M x M 
and there exists a function X : M ^ M, called interface location function, such that 

lim u{t,xX{t)) = 1 and lim u{t,x + X{t)) = 0 uniformly in t gE.. 

x—>•—oo ir^oo 

The notion of a transition front is a proper generalization of a traveling wave in homogeneous 
media and a periodic (or pulsating) traveling wave in periodic media. The interface location 
function X (t) tells the position of the transition front u{t, x) as time t elapses, while the uniform- 
in-t limits (the essential property in the definition) shows the bounded interface width, that is, 

V 0 < ei < 62 < 1, supdiamjx G Mjei < u{t,x) < 62 } < 00 . 
xgk 

Notice, if ^(f) is a bounded function, then X{t) + ^(t) is also an interface location function. 
Thus, interface location function is not unique. But, it is easy to check that if Y[t) is another 
interface location function, then X{t) — Y(t) is a bounded function. Hence, interface location 
functions are unique up to addition by bounded functions. 

We see that neither the definition nor the equation (jl.2h guarantees any space regularity of 
transition fronts. In fact, there is even no guarantee that a transition front u{t,x) of (jl.2p is 
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continuous in x (we refer to [8] for the existence of discontinuous traveling waves in the bistable 
case). This lack of space regularity indeed causes a lot of troubles in studying transition fronts 
because (i) space regularity of approximating solutions is required to ensure the convergence to 
transition fronts; (ii) space regularity of transition fronts lays the foundation for applying various 
techniques for reaction-diffusion equations to nonlocal equations, and hence, for further studying 
various qualitative properties such as stability and uniqueness. Hence, it is very important to 
study the space regularity of special solutions. 

In the present paper, we intend to establish some general criteria concerning the space regu¬ 
larity of transition fronts of (|1.2p . More precisely, we want to know whether a transition front 
u{t, x) of (11.21) is continuously differentiable in x. To state our first result, we further introduce 
the following hypothesis. 

(H3) There exist 6q € (0,0i) and kq > 0 such that 

X, u) < 1 — Ko, {t,x,u) € M X M X [0, 9q\. 


We prove 

Theorem 1.2. Suppose (H1)-(H3). Letu{t,x) be an arbitrary transition front of ()1.2I) . Then, 
u(t, x) is regular in space in the following sense: for any f G M, u{t, x) is continuously differen¬ 
tiable in X and satisfies sup(j < oo. 

We remark that Theorem ll.2l can be proven essentially due to the assumptions fB{u)du > 0 
and the existence of traveling waves of 

ut = J *u-u-\-fsiu) (1.3) 

with nonzero speed in (H2), which corresponds to the unbalanced case in the bistable case. If 
we drop these assumptions, then, in the bistable case, there is no hope that Theorem ll.2l is true 
without additional assumptions on f{t,x,u), since discontinuous traveling waves of (II.3p with 
zero speed were constructed in [8] , where necessary conditions for the existence of discontinuous 
traveling waves are also given. Thus, our results are kind of sharp and are compatible with the 
results for traveling waves in the monostable case, the ignition case and the unbalanced bistable 
case. It is worthwhile to point out that in the case (11.31) admits discontinuous traveling waves, 
it may also admits non-monotone waves (see |15l Theorem 5.4]). 

Although the assumptions on fs are automatically true in the monostable case and the 
ignition case, it does cause some restrictions in the bistable case, and hence, there remains an 
interesting problem, that is, whether transition fronts in the bistable case are regular in space 
when ()1.3p admits only smooth stationary waves, i.e., smooth traveling waves with speed zero. 

The proof of Theorem 11.21 is based on the rightward propagation estimate of transition fronts 
and the analysis of the growth and the decay of ^ rightward propagation 

estimate reads as 

X{t) — Xfto) > ci{t — to — Ti), t>to (1.4) 

for some ci > 0 and Ti > 0, which is established in Theorem 12.21 (to show (|1.4I) . we need 
Jq fB{u)du > 0 and the existence of traveling waves of (jl.3l) with nonzero speed). To control 
the behavior of ^ jg g^Qgg qo, we need (H3). A key ingredient in proving 

Theorem 11.21 i.e., controlling the term ^ observation that for fixed x, the 
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term u{t,x) only grow for a period of time that is independent of x. Moreover, 

since we directly study transition fronts, which may not come from approximating solutions, 
we are lack of a priori information, which immediately causes the possible blow-up behavior of 
u{to,x+rj)-u{to,x) g^g Q initial time to- To overcome this technical difficulty, we utilize 

the fact that transition fronts are global-in-time, which means we can take to to approach —oo 
along subsequences. 

Clearly, (H3) rules out many monostable nonlinearities, and it does not cover all Fisher-KPP 
nonlinearities. Our next result is trying to cover the monostable nonlinearities at the cost of 
putting some restrictions on transition fronts. We prove 

Theorem 1.3. Suppose (HI) and (H2). Suppose, in addition, that 

sup |/a,„(t,a;,u)| < oo and sup |/„„(t, x, u)| < oo. 

(t,a;,'u)€MxRx [0,1] (t,x,u)EMxRx [0,1] 


Let u{t, x) be an arbitrary transition front of (jl.2p satisfying 

u{t,x) < Ce^^^~^^u{t,y), {t,x,y) € M x M x 


(1.5) 


for some C > 0 and r > 0. Then, u{t,x) is regular in spaee in the following sense: for any 
t € M, u{t,x) is eontinuously differentiable in x and satisfies sup(j < oo- 

The key assumption in Theorem 11.31 is the Harnack-type inequality (II.5p . which is the case 
for some transition fronts in the Fisher-KPP case (see mm)- The importance of (11.51) lies 
in the fact that it allows the comparison of J * u and J' * u with u. More precisely, by ()1.5p . 
we hnd ^ J(x)e~’~^^^dx < < C J(x)e’"^^^dx and similarly for J' * u, which plays crucial 

roles in controlling . 

The next result gives space regularity of transition fronts under the exact decay assumption. 
Theorem 1.4. Suppose (HI) and (H2). Suppose, in addition, that 

sup \fxu{t,x,u)\ < oo and sup |/n„(t,x,tt)| < oo. 

(t,3:,ii)GRxRx [0,1] (i,3},ii)GRxRx [0,1] 

Let u{t,x) be an arbitrary transition front of (jl.2p with interface location function X{t). There 
exists ro > 0 such that if 


, u{t,X + X{f)) r , ^ . X 

hm -^-= 1 uniformly ^T^ t G M (1-6) 

x—>-oD e 

for some r G (0, ro], then, u{t, x) is regular in space in the following sense: for any t G M, u{t, x) 
is eontinuously differentiable in x and satisfies sup(i^.^gj^xR < oo. 

We remark that the exact decay assumption (II.6p is the case for some transition fronts in 
the Fisher-KPP case (see mm)- The importance of (11.61) lies in the fact that it allows the 
comparison of J * u and J' * u with u near x = oo. Note that if the limit in ()1.6I) is some 
other positive number instead of 1, then we only need to shift the exponential function on the 
bottom correspondingly. The number tq corresponds to the possible decay rate of Fisher-KPP 
transition fronts, and thus, it would be interesting to determine the optimal rg. 
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The study of space regularity of transition fronts of (11.21) was initiated in [52], where the 
space regularity of well-constructed transition fronts in time heterogeneous media of ignition 
type is obtained. Those well-constructed transition fronts are uniformly Lipschitz continuous 
in space and their interface location functions can be chosen to be continuously differentiable 
with uniformly positive first order derivatives. These properties, which may not be true for 
an arbitrary transition front, play important roles in the study of space regularity of well- 
constructed transition fronts in |52j . Our results. Theorem 11.21 Theorem 11.31 and Theorem 11.41 
generalize the work in [52] to arbitrary transition fronts (with some additional assumptions in 
Theorem II..SI and Theorem ll.dp of (|1.2|) with a large class of nonlinearities. As already shown in 
|52j . space regularity of transition fronts is of great significance in the study of stability, which 
together with uniqueness and asymptotic speeds, will be studied elsewhere. 

Finally, we study the existence of continuously differentiable and increasing interface location 
functions. As mentioned before, if X{t) is an interface location function of a transition front 
u{t,x) of (II.2p . then for any bounded function ^{t), X{t) -(-^(t) is also an interface location 
function of u{t,x). Hence, interface location functions of a transition front are not unique 
and may not be continuous. But, near each interface location function, we are able to find a 
continuously differentiable and increasing function, as the new interface location function. This 
is given by the following 

Theorem 1.5. Suppose (HI) and (H2). Let u{t,x) be an arbitrary transition front of ()1.2p 
with interface location function X (t) satisfying 

X{t) — X{tQ) < C 2 {t — to+ T 2 ), t>to (1.7) 

for some C 2 > 0 and T 2 > 0. Then, there are constants 0 < Cmin < Cmax < 00 and a continuously 
differentiable function X (t) satisfying 

Cmin ^ X{t)< Cmax; ^ G K 

such that 

sup \X{t) — A(t)| < 00 . 
t€R 

In particular, X{t) is also an interface location function ofu{t,x). 

We see that (HI) and (H2) do not ensure the space regularity of transition fronts. It will be 
clear later that the proof of Theorem 1 1.51 does not need the space regularity of transition fronts. 

We refer to X(t) in Theorem 11.51 as the modified interface location function, which gives a 
better characterization of the propagation of transition fronts and has been verified to be of great 
technical importance in studying the stability of transition fronts in time heterogeneous media 
(see e.g. |5Ql|5ll|52|). Moreover, for reaction-diffusion equations in space heterogeneous media, 
the rightmost interface location at some constant value continuously moves to the right (see 
e.g. (saisiiMiiiii). But for nonlocal equations in space heterogeneous media, the rightmost 
interface location at some constant value jumps in general due to the nonlocality, which makes 
the modified interface location function more important. 

The condition (|1.7I) is a technical assumption saying a transition front moves to the right at 
most at linear speed in the average sense, which together with (11.41) allow us to find the modified 
interface location function. Arguing as in the proof of Theorem 12.21 we readily check that the 
condition (|1.7p is always true in the bistable case. This condition can also be verified in other 
cases including the monostable case and the ignition case as in the following two corollaries. 
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Corollary 1.6. Suppose (HI) and (H2). Letu{t,x) be an arbitrary transition front of (|1.2I) . If 
there exists 9 € (0,0) such that 

f{t, X, u) <0, (i, X, u) G M X M X [0, 9], 

then (|1.7p is true. In particular, the conclusions of Theorem \1.5\ hold. 

Clearly, Corollary 11.61 covers, in particular, all bistable and ignition nonlinearities, but rules 
out all monostable nonlinearities, which are covered by the next result. 

Corollary 1.7. Suppose (HI) and (H2). Suppose, in addition, that J is compactly supported. 
Let u(t, x) be an arbitrary transition front of (11.21) with interface location function X{t). If there 
exist r > 0 and h > 0 such that 

u(t,x + X{t)) < (t, x)gMxM, 

then (|1.7p is true. In particular, the conclusions of Theorem li.5l hold. 

We remark that in the monostable case, uniform exponential decay as x —>■ oo may be 
necessary for transition fronts to travel at linear speeds, since slower decay near x = oo may 
cause super-linear propagation (see [26]). It is worthwhile to point out that in the bistable 
case, a discontinuous traveling wave may not converge to zero exponentially as x —>■ oo (see [H 
Theorem 5.1]). Here, we need J to be compactly supported, since we will use results obtained 
in m and |57] in the proof, which were proven when J is compactly supported. It should be 
pointed out that the arguments and results in |57] can be extended to dispersal kernels J which 
are not compactly supported, but satisfy (HI) (see [62]). 

As a direct application of the results, in particular. Theorem 11.21 and Corollary 11.61 obtained 
in the present paper, we study in |53| the equation (II. 2p in time heterogeneous media of general 
bistable type, that is, f{t,x,u) = f{t,u) satisfies 

fmm{u) < f{t,u) < /max(lt), {t,u) G M X [0,1], 

where the functions /min and /max are standard bistable nonlinearities on [0,1] with the 
unbalanced condition fmin(u)du > 0. Provided that there is a space nonincreasing transition 
front, we show by means of Theorem 11.21 and Corollary 11.61 that (i) all transition fronts are 
asymptotically stable and enjoy decaying estimates; (ii) transition fronts are unique up to space 
shifts; (iii) all transition fronts become periodic traveling waves in the periodic media and have 
asymptotic speeds in the uniquely ergodic media. The assumption on the existence of a space 
nonincreasing transition front can be verified if, for example, f{t,u) is of standard bistable type 
in u for each t and their middle zeros are the same. 

The rest of the paper is organized as follows. In Section [2l we establish the rightward 
propagation estimate of transition fronts. We will see, in particular, that any transition fronts 
moves front left infinity to right inhnity as time goes from — oo to oo. In Section [S] we prove 
Theorem 11.21 In Section |4l we prove Theorem 11.31 In Section (5] we prove Theorem 11.41 In 
Section [6l we prove Theorem 11.51 Corollary 11.61 and Corollary 11.71 We end up the present paper 
with an appendix. Appendix [A] on ignition traveling waves. 


2 Rightward propagation estimates 


In this section, we study the rightward propagation estimates of transition fronts. Throughout 
this section, we assume (HI) and (H2). 

In what follows in this section, u{t, x) will be an arbitrary transition front of (jl.2jl with 
interface location function X{t). For A G (0,1), we define X^{t) and X^{t) by setting 

X"(t) = sup{x G R\u{t, y) > A, Vy < x}, ^ 

X^{t) = inf{a; G M|n(t, ?/) < A, Vy > x}. 

Note that if u{t,x) is continuous in x, then X^{t) and X^{t) are nothing but the leftmost 
and rightmost interface locations at A. Trivially, X^{t) < X^{t) and X^{t) are decreasing in 
A. Due to the possible discontinuity of u{t,x) in x, it may happen that u(t, X^ (t)) < A or 
u{t,X+{t)) > A. 

From the definition of transition fronts, we have the following simple lemma. 

Lemma 2.1. The following statements hold: 

(i) for any 0 < Ai < A 2 < 1, there holds supjg]g[X)|((t) — Xf^{t)] < 00 ; 

(ii) for any A G (0,1), there hold sup^gR \X{t) — X^(t)| < 00 . 

Proof, (i) By the uniform-in-t limits limx^-oou(t,x +X{t)) = 1 and lim 3 ;_).oou(f,x + X(t)) = 0, 
there exist xi and X 2 such that u{t,x + X{t)) > X 2 for all x < X 2 and t G M, and u{t,x + X{t)) < 
Ai for all X > xi and t G M. It then follows from the definition of Xf^(t) and that 

X 2 + X{t) < Xf^{t) and xi + X{t) > X^_^{t) for all t G M. The result then follows. 

(ii) Let Ai = A = A 2 in the proof of (i), we have X 2 + X(t) < Xf{t) and xi + X(t) > X'^{t) 
for all t G M. In particular, 

X2 + X{t) < Xf{t) < X^ (t) < xi + X{t), t G M. 

This completes the proof. □ 

The next result gives the rightward propagation estimate of u{t,x) in terms of X{t). 

Theorem 2.2. There exist ci > 0 and Ti > 0 such that 

X{t) — X{to) > ci{t — to — Ti), t > to- 

Proof. Fix some A G (0,1). We write X~{t) = Xf(t). Since supjgR|X(t) — X“(t)| < 00 by 
Lemma l2.11 it suffices to show 

X~{t) — X~{to) > c{t— to— T), t>to (2.2) 


for some c > 0 and T > 0. 

Recall fs is as in (H2). Let {cb,4>b) with > 0 be the unique solution of 

ij*(f-4> + c4>x + / b (</>) = 0 , 

[(fx <0, 0(0) = 9, 0(— 00 ) = 1 and 0(oo) = 0 
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(see [8] for the existence and uniqueness of (cs, 0b)). That is, cb is the unique speed and 0b is 
the normalized profile of traveling waves of 


ut = J*u — u + fsiu). (2.3) 

Let Uq • [0) 1] be a uniformly continuous and nonincreasing function satisfying 


uo{x) 


A, X < xo, 

0, X > 0, 


(2.4) 


where xq < 0 is hxed. By the definition of we see that for any to £ there holds 

u(to,x + X~{to)) > uo{x) for all x G M, and then, by f(t,x,u) > fsiu) and the comparison 
principle, we hnd 

u{t,x + X~{to)) > UB{t — to,x\UQ), X G M, t > to) (2.5) 

where UB{t, x‘,uo) is the unique solution to (12.3p with ub( 0, quo) = uq. By the choice of uq 
and the stability of bistable traveling waves (see e.g. 0), there are constants xb = xb(A) G M, 
Qb = (Zb (A) > 0 and ojb > 0 such that 

UB{t - to,x-,uo) > 4 >b{x - XB - CB{t-to)) - X G M, t > to- 

Hence, 

u{t,x + X~ito)) > (I^Bix - Xb - CB{t - to)) - x G M, t > to. 

Let To = To(A) > 0 be such that qBe~‘^^'^° = (making qB larger so that qB > if 
necessary) and denote by ^b(^^) the unique point such that 0 b (^b(^^)) = Setting 

x^, = Xb + CB{t — to) + ^b(^^)) the monotonicity of 0 b implies that for all t > to + To and 
X < X* - 1 

u(t,x + X~{to)) > 4 >b{x* - 1 - Xb - CB{t - to)) - qBe~‘^^'^° 

> 0 b ( x * - xb- CB{t - to)) - qBe~‘^^'^° 

= M^b{^)) - qBe-‘^^^° = X. 

This says that x* — 1 + X~{to) < X~{t) for all t > to + To, that is, 

X~{t) — X~{to) > Xb — 1 + CB{t — to) + Cb {—^—), t>to + To. (2.6) 

We now estimate X“(t) — X“(to) for t G [to,to+To]. We claim that there exists z = z(To) <0 
such that 

X {t) — X {to) > z, t G [to, to + To]. (2.7) 

Let UB{t, x]Uo) and UB{t]X) '■= UB{t,x;X) be solutions of (12.3p with ub(0, x;uo) = uo{x) and 
ub(0;A) = ub(0,x;A) = A, respectively. By the comparison principle, we have UB{t, x]Uo) < 
UB{t] A) for all X G M and t > 0, and UB{t, x; uo) is strictly decreasing in x for t > 0. 

We see that for any t > 0, UB{t, —oo; uo) = UB{t', A). This is because that J^ub(L — oo; uo) = 
fB{uB{t,—oo;uo)) for t > 0 and ub(0,— oo;uo) = A. Since A G (0,1), as a solution of the ODE 
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ut = fsiu), UB{t] A) is strictly increasing in t, which implies that UB{t, —oo;uo) = UB{t\ A) > A 
for t > 0. As a result, for any t > 0 there exists a unique such that UB(t, CB{t)',uo) = A. 

Moreover, is continuous in t. 

Setting x** = — to), we find u{t, x + X~(tQ)) > A for all x < x** by the monotonicity of 

UB{t,x]Uo) in X, which together with (12.51) implies that 


X (t)>x** + A {to) = ^Bit-to) + X {to), t > to- 
Thus, dlT]) follows if inftg(tg^iQ+ro] - to) > -oo, that is, 

inf ^B(t) > —oo. (2.8) 

ie(0,To] 

We now show ()2.8p . Since uo(x) = A for x < xo, continuity with respect to the initial data 
(in sup norm) implies that for any e > 0 there exists 5 > 0 such that 


UB{t',X) — X<e and sup [uB{t', X) — UB{t,x-,uo)] = UB{t',X) — UB{t,xo',uo) < e 

x<xo 


for all t G [0,5], where the equality is due to monotonicity. By (HI), J concentrates near 0 and 
decays very fast as x —>■ Too. Thus, we can choose xi = xi(e) << xo such that 


/ xo 

-OO 


J(x - y)dy > 1 - e. 


X < Xl. 


Now, 


for any x < xi and t G (0,5], we have 

d f 

—UB{t,x]Uo)= / J{x - y)uB{t,y,uo)dy 
® JR 


UB{t,x;uo) + fB{uB{t,x;uo)) 


> 

> 

> 


/ XO 

-oo 


J(x - y)uB{t,y;uo)dy 


UB{t, x; uo) + fB{uB{t, x; uo)) 


(1-e) inf UB{t,x;uo)-UB{t-,X) + fB{uB{t,x-,uo)) 

x<xo 

-(1 - e) sup [uB{t-,X) - UB{t,x-,uo)] - euB{t-,X) + /^(^^(t, x; no)) 

X<Xq 

-e(l - e) - e(A + e) + fB{uB{t,x;uo)) > 0 


if we choose e > 0 sufficiently small, since then /s(nB(t, x; no)) is close to /s(A), which is 
positive. This simply means that UB{t, x;uo) > X for all x < xi and t G (0,5], which implies 
that ^B{t) > Xl for t G (0,5]. The continuity of ^b then leads to (|2.8p . This proves (12.71) . (|2.2I) 
then follows from (12.61) and (12.71) . This completes the proof. □ 


As a simple consequence of Theorem 12.21 we have 

Corollary 2.3. There holds X{t) — ^ ±oo as t ^ Too. In particular, u{t,x) — >■ 1 as t ^ oo and 
u{t,x) —)■ 0 as t —>■ —oo locally uniformly in x. 

Proof. We have from Lemma 12.21 that 

X{t) - X{to) > ci{t-to-Ti), t > to- 

Setting t —>• oo in the above estimate, we find Ai(t) —oo as t —oo. Setting to —>■ —oo, we hnd 
X{to) —)■ —oo as to —oo. □ 

This corollary shows that any transition front travels from the left infinity to the right infinity. 
Thus, steady-state-like transition fronts, blocking the propagations of solutions, do not exist. 
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3 Proof of Theorem 11.2 


We prove Theorem 11.21 in this section. Throughout this section, we assume that (H1)-(H3) hold 
and u{t,x) is an arbitrary transition front of (11.211 with interface location function X{t). 

To prove Theorem [121 we first do some preparations and prove several lemmas. Fix some 
0 < 5o 'C 1- For (t, x) G M X M and t/ G M with 0 < |7/| < (5o, we set 

v^(t,x) = + 

rj 

It is easy to see that v^{t,x) satisfies 

v^{t, x) = x) — x) + aP{t, x)v'^{t, x) + aP{t, x), (3-1) 


where 


a^{t, x) = 
a^(t, x) = 


/(f, X, u{t, X + 7?)) - f{t, X, u{t, x)) 
u(t, X + 7j) — u(t, x) ’ 

f(t, x + r/, u{t, x + ri))- f{t, X, u{t, x + rj)) 


ri 


W{t,x)= [ J{x - y)v^{t,y)dy = [ 


J{x -y + 7]) - J{x - y) 


V 


u{t,y)dy. 


Hence, for any fixed x, treating (13.ip as an ODE in the variable t, we find from the variation of 
constants formula that for any t >to 


Jto 


I 


+ / aTr, xje 
^0 




(3.2) 


Moreover, we set 


To = 1 + (5o + sup |X(t) - X+(t)| and Li = 1 + do + sup |X(t) - (t)|, 

teK teK 

where 9i and Oq are as in (H2) and (H3), respectively. By Lemma [2Tl Lq < oo and Li < oo. 
We also set 

Ii{t) = (-oo,X(t)-Li), 

Im{t) = [X{t)-Li,X{t)+Lo], 

Ir{t) = {X{t) +To,Oo) 


for t G M. Clearly, Im{t) and Ir{t) are disjoint and Ii{t) U Im{t) U Ir{t) = M. Since X{t) 

may jump, so do Im{t) and Ir{t). 

Since X{t) Too as t —>■ Too by Corollary 12.31 for any fixed x G M, there hold x G Ir{t) for 
all t <C —1 and x G Ii{t) for all t1. Thus, for any hxed x G M, 

ifirst(ic) = sup [i G M|x G Ir{t) for all t < t}, 

^last(a^) = inf {i G M|x G Ii{t) for all t > t} 
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are well-defined. We see that if X{t) is continuous, then tfirst(ic) and tiastl^;) are the first time and 
the last time that x is in Clearly, — oo < tfirst(a^) < iiast(a^) < oo (notice, tfirst(a^) = iiast(2;) 

may happen since X{t) may jump). Although the functions x i->- tfirst(a;) and x (->■ tiast(a^) are 
unbounded, their difference is a bounded function as given by 

Lemma 3.1. There holds 

T := sup[tiast(a;) - tfirst(3:)] < oo. (3.3) 

Proof. To see this, we suppose < tiastix). Due to possible jumps, we consider two cases. 

If x ^ Iritfirstix)), then X G Ii{t&rstix)) u Im{tRrst{x)), that is, X < X{t^rst{x)) + Lq. Thus, 
for all t > tfirst(3;) +Ti + Lo+l^i+i ^ from Theorem 12.21 that 

X < X{ts,rst{x)) + Lq < X{t) - Ci{t - t^rst{x) - Ti) + Lo < X{t) - Li - 1. 

This, implies that x G Ii{t) for all t > tfirst(ic) + Ti -|- ^ and hence, by dehnition 

t\s.st{x) < tfirst(a;) +Ti + ^ . (3.4) 

Cl 

If a; G Irit&Tstix)), then we can find a sequence {t„} satisfying tn > tarstix), tn —>■ tfirst(ic) 
as n —oo and x ^ Ir{tn{x)). Then, similar arguments as in the case x ^ Ir{t&rst{x)) lead to 
iiast(2;) < tn + Ti -|- Lfl±hi±i, Passing to the limit n —>■ oo, we find (13.41) again. Hence, we have 
shown (j3.3p . □ 

To control v^{t,x), it is crucial to control 1 — a^{t,x), which is achieved by means of tfirst(ic) 
and tiast(ic) and is given in the following 

Lemma 3.2. For any {t,x) G M x M and 0 < It?! < do, there holds 


aP{t, x) < 


I KQ) t < tfirst(3^), 

0, t> tiast(a;). 


(3.5) 


Proof. By the definition of tfirst(a^) and tiast(3;), we see 


X G 


Ir(t'), t < tfirst(^)) 
t > tlast(^)' 


(3.6) 


By (H2), (H3) and the choices of Lq and Li, we find that for any {t,x) G M x M and 0 < |7/| < do 


a^(t, x) < 


1 - Ko, 

0 , 


X G Ir{t), 
X G Ii{t). 


The lemma then follows from (13.61) . □ 

The above lemma says that for any fixed x, the solution v^{t,x) of the ODE (j3.1|) can only 
grow for a period of time that is not longer than T. 

In the next lemma, we show that u{t, x) is continuous in space. 
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Lemma 3.3. For any i € M, u{t,x) is continuous in x. Moreover, there holds 


sup sup 


u{t,x) - u{t,y) 
x-y 


< oo. 


Proof. Since 0 < u{t,x) < 1, we trivially have 

u{t,x) - u{t,y) 


sup sup 
tGR |x—j/|>5o 


x-y 


< oo. 


Thus, we only need to show 


sup sup 
tGM 0 <|a;—y|<(5o 


u{t,x) - u{t,y) 
x-y 


< oo. 


(3.7) 


To do so, we consider (j3.2p for some fixed x G M. We are going to take to ^ —oo along some 
subsequence, and so to ^ ifirst(a^)- For t, there are three cases: t < tfirst(a^), t G [tfirst(a^),iiast(a^)] 
and t > tisst{x). Here, we only consider the case t > tiast(3:); other two cases can be treated 
similarly and are simpler. 

We first note 


Mo := sup sup 

(t,ai)GMxR 0<|77|<5 o 


| 6 ''(t,x)| + |o''(t,x)| 


< oo 


and the following uniform-in -77 estimates hold: 


g-/*(l-a’)(s,x))ds 


< g-«o(ifirst(x)-r-)^ r<tfirst(x), 

< r G [tfirst(3:)Tlast(a:)], 

< r G [tiast(a:),t]. 


(3.8) 


where Ca ■= sup(j supo<|,j|< 5 o |1 — x)\ < 00 by (H2). They are simple consequences 

of ()3.3p and ()3.5I) . 

For the second and third terms on the right-hand side of (13.2p . we have 


1 

Mo 


f [ 6 ^(r,x)+ < f\- 

Jto Jto 


Jtn Jt]^^+(x) 


r^last (^) 

For the three terms on the right-hand side of the above estimate, we use p. 8 p to deduce 




'to 


f 

Jto 

f 

Jto 


^first (^) 




^first(^) pCaT 

g ^0 (^first (^) 7*) {t ^last (t^)) ^ _ 

“ ACo 


14 
















■J tfirst (^) ^ tf\y^i-(x) 


^^last(^) 


and 


/ 

J u 


' ^first C^) 

/*^last (^) 

< / ^CaT^-{t-ti^^_{x)) ^ 

■^^first C^) 


^last(^) "^^lastC^) 


Hence, we have shown 
rt 


Jto 


<Mo 


= CaT 


Ko 


+ re'^“^ + 1 


(3.9) 


Notice the above estimate is universal. 

For the first term on the right hand side of (13.2p . we choose to such that tfirst(a^) — 
and claim that ^ 

v^{tQ,x)e~ ^ 0 as ?/—> 0. (3.10) 

In fact, from |u''(to,x)| < -pj and ()3.8p . we see 


n/, N — rl {l—a^{s,x))ds 

v'[to,x)e ■’* 0 ^ ^ ” 


1^1 

_g ^0 (^first (^) ^o) g^a^g ^last C^)) 

“ 1^1 

X ^0 

<-j—j-e as rj ^ 0. 


Consequently, choosing to such that tfirst(3^) — to = we conclude from (13.21) . ()3.9I) and 


(j3.10p that 


sup sup |u^(t, x)| < C + Mo I 

(i,fc)GMxR 0<|?7|<5 o V ^0 


.CaT 


+ + 1 


where C = C{ko,5o,T) > 0. This proves (|3.7p . and hence, the lemma follows. □ 

We see that for any (t, x) € M x M, as r/ ^ 0, we have 

aP{t,x) fu{t,x,u{t,x)), 
aP{t, x) fx{t, X, n(t, x)), 

W{t,x)^ [ J\x - y)u{t,y)dy. 

JR 


Notice the hrst two convergence in (13.lip need the continuity of u{t,x) in x. By (|3.11l) . (|3.5I) 
holds with a^{t,x) replaced by /„(t, x, rt(t, x)), that is, 


fuit,x,u{t,x)) < 


1 ^ 0 ) t ^first(j')) 


0 , 


t ^ tlast(j')' 


(3.12) 


Now, we prove Theorem 11.21 
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Proof of Theorem \1.2i . Let us consider (|3.2I) . We are going to prove the existence of the limit 
lim^_^o ^)- As in the proof of Lemma [3^ we assume to <C tfirst(a^) and t > tiast(a^) in the 
rest of the proof. We treat three terms on the right-hand side of (j3.2l) separately. 

For the second term on the right-hand side of (j3.2jl . we claim 






J'{x - 2 /)u(T,y)(iy 


as 77 —>■ 0 uniformly in to -C ffirstC^;). 


(3.13) 


To see this, we notice 

rt 


'to 


f ( [ J\x - y)u{T,y)dy)e- 

Jto \ J 

J —00 \ -/m / 


dr. 


By (13.lip , the integrand converges to 0 as r/ ^ 0 pointwise. Thus, by dominated convergence 
theorem, we only need to make sure that the integrand is controlled by some integrable function 
that is independent of y. Writing 

b^{r,x)= [ J'{x-y)u{T,y)dy and a°(s, x) =/„(s, x, u(s, x)), 

Jr 

we only need to make sure that the function 

sup 

0 <|? 7 |< 5 o 

is integrable over (—oo,t]. 

Setting M := sup( 4 ,,)gKxRsupo<|,,|< 5 o | 6 ^(t,x)| < 00 , we have 


sup 

0<hl<'5o 


W{t, 


<M sup 

0<|''?|<<5o 


To bound the last integral uniformly in 0 < |? 7 | < do, according to (|3.8p and (13.121) . we consider 
three cases: 


Case i. T < tfirst(3^) In this case, 

g ^o(^first C^) e^^^e hast C^)) . 


sup e 
0<|t7|<5o 


Case ii. r G [tfirst(3^)) Last(3;)] In this case. 


sup 

0<hl<^o 


_r r^iast(^) 

sup e 
0<|t?|<<5o 






16 














Case iii. r £ (iiast(a;); i] In this case, supo<|j^|<5jj e a^{s,x))ds < g (t t)^ 

Thus, setting 


/ i ( t ) = < 


g KQ (ifirst (^) ^lastC^)) 'j- ^first(^} 

eCaT^-it-t,^,ix))^ r G [tfirst(x),tlast(x)] 

r G (tiast(a^),t], 


we find for any r G (—c»,t] 

6'?(r, x)e- y j'(^ _ y)u{T, y)dy^ e" 


sup 

0<|»?|<(5o 


< 2 sup 
0<|»7|<5 o 


W{t, 


< 2/i(r). 


To show (I3.13p . it remains to show J_ooh{T)dT < oo. But, we readily compute 

r^first (^) 


h{T)dT = / /z(r)(ir + / /z(r)dr + / /z(r)d7 

-oo 7—00 


' —oo 
r^first (^) 


< 


^last C^) 

^first (^) 7tiast (x) 

g~^0 (^first (^)~'^) gC'aT’^—(t—tiast 

— OO 

/*^iast(^) 

_j_ / gC'oTg-(t-tiast(a:))g^^ _|_ / e“h“'^)(^ 7 - 

■I^first (^) "^^last C^) 


= CaT 


< 


Kq 


+ Te'^“'^ + 1 . 


Thus, we have shown (|3.13p . Note that the last bound is uniform in (t,x) G M x M. 
For the third term on the right hand side of (j3.2p . we claim 

r dP{T, x)e- ^ r X, n(t, x))e- Ci^-Ms,x,u{s,x)))dsy^^ 

Jto Jto 

as r] ^ 0 uniformly in to ^ tfirst(a^)- 
The proof of ()3.15p is similar to that of ()3.13p . So, we omit it. Notice 

f Ut, X, u{t, x))e- i:(^-fu(s,x,uis,x)))ds 
J—oo 


dr 


< 


< 


sup |/a;(t,x,n)| 

(£,r);,w)EMxMx [ 0 , 1 ] 

sup |/a;(t,x,n)| 

(£,ai,w)EMxMx [0,1] 


f h{T)di 

J —OO 


J J —OO 

CaT 


Ko 


+ 1 


For the first term on the right hand side of (13.2p . we have (I3.10p . that is, 

with tfirst(a^) — ^0 = 77’ v'^{'to,x)e “ {s,x))ds ^ 7 / —> 0. 


(3.14) 


(3.15) 


(3.16) 


(3.17) 
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Hence, choosing to such that tfirst(2:) ~ ^0 = and passing to the limit r/ ^ 0 in (|3.2p . we 
conclude from ()3.13p . ()3.15p and (I3.17P that 

Ux{t,x) = lim v^{t,x) 


J'{x - y)u{T, y)dy + f^ir, x, u(t, x)) 




(3.18) 


From which, we see that Ux{t, x) is continuous in (t, x) G M x M. Moreover, by (|3.14l) . (I3.16P and 
(I3.18p . we have sup(^ \ux{t-,x)\ < oo. This completes the proof. □ 

Remark 3.4. From (j3.18p . (I3.14|) and (13.161) . we see 


sup \ux{t,x)\ < 


'^'IIl1(R)+ \fxit,x,u)\ 

(£,3i,u)gMxRx [0,1] 


gC.T 


KO 


+ Te 


CaT 



where Ca depends only on sup(j 3 ,,^)g]gxKx[o,i] \ fu{t-,x,u)\ andT is controlled by (13.41) . and hence, 
T depends only on fs and the shape ofu{t,x). 


4 Proof of Theorem 11.3 


This whole section is devoted to the proof of Theorem 11.31 Let u{t,x) be a transition front as 
in the statement of Theorem Ol Hence, there exist C > 0 and r > 0 such that 


i{t,x) < ^^u{t,y), {t,x,y) G M x M x 


(4.1) 


Let X{t) and X^{t) be interface location functions of u{t,x), where X^{t) are given in (12.ip . 
As in [32], for (t, x) G M x M and G M with 0 < |t/| < (5o 1, we consider 

r,,, ^ u{t,x + rj) -u{t,x) ^ ^ v^{t,x) 

v'[t,x) = - and w'{t,x) = 


V 


u{t, x) 


We readily check w^{t,x) satishes 


V V \ V V 

Wf = a{ + a 2 W ^ 


where a? = ^ ^ and + aP - with 

1 u u ^ u u 


and 


/(t, x + y, u{t, x + y)) - f{t, X, u(t, x + y)) 


fit, X, uit, x + y)) - fit, X, uit, x)) 


n(t, x + y) — uit, x) 

To bound the solution of ()4.2p . we hrst analyze aj and a^- For a^, we first see 


(4.2) 

(4.3) 

(4.4) 


J * 

1 

u 

uit, x) 


/ 

Jr 


J(x -y + y) - Jix -y) 


y 


uit,y)dy 


< C 


Jix + y) - Jix) 


y 




where we used (gT]). Next, setting Ci := sup(j 3 .„)gRxKx[o,i] \fxuit,x,u)\, we have 

-ri 


\fxit,x + y*,uit,x + y))\ ^ ujt, x + y) ^ 


uit, x) 


uit, x) 
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where we used Taylor expansion, the fact fx{t,x,0) = 0 and (|4.1I) . Hence, 


C2 ■= sup sup \aj\ < 00 . 

(t,a;)^RxR 0<|77|<5o 


(4.5) 


For O 2 , we hrst see from (14.11) that 
1 


< C 

./H U 


f J{x)e^^^^dx, 

Jr 


and thus, setting C3 := ^ J^J{x)e and C 4 := C J^J{x)e^^^^dx, we find 


-C4 < < -C3. 


u 


To control the term — - in aS, we set 

5 . (01 C 3 

c?n := niin < —, — 

^ 1 2 ’ 2 


sup |/(t,x,u)| 
(£,ir,w)GRxRx [ 0 , 1 ] 


1 -1 


and define 


Lo = 1 + 5o + sup |X(t) - X^(t)| and Li = 1 + (5o + sup |X(t) - (t)|. 

teM ° tGK 

As in the proof of Theorem 11.21 we set 

hit) = (-cx),X(t)-Li), 

Im{t) = [X{t)-Li,X{t)+Lo], 

Ir{t) = (X{t) +Lo,Oo) 

for t G M, and for any fixed x G M, dehne 

ifirst(a^) = sup{t G M|x G Irit) for all t < i}, 
ilast(3;) = inf{t G M|x G Ii{t) for all t > i}. 


Then, there hold T := sup3,g]g[tiast(a^) — ifirst(a^)] < oo and for all x G M 


X G 


m, 


t < tfirst (^)) 
t ^ ^last(^)' 


Now, for 0 < I 77 I < 5o, we have 

• if t < tfirst(a^)) then x G Ir{t), in particular, x > Xf (t) + (5o, and hence, u(t,x) < 9o and 

Oo 

u{t,x + ifj < 00 ) it then follows from Taylor expansion that 



u 


|/„(t,x,u*) - /«(t,x,u**)| < 


u*-u**| sup \fuuit,x,u)\ < 

(i,3i,ii)ERxRx [0,1] 


6*3 


where u* is between u{t,x) and u{t,x + rj), and u** is between 0 and u{t,x), and hence, 
both u* and u** are between 0 and 0 O) so |m* — < 0 o; 
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• if i > tiast{x), then x G Ii{x), in particular, x < — 5, and hence, u{t,x) > 6i and 

u{t, X + rj) > 9i] it then follows from (H2) that < 0, which leads to — ^ < 0; 

• if t G [tfirst(a:),tiast(a;)], then |o’’ - i\ < 2sup(4^,r^„)gRxKx[o,i] \fu{t,x,u)\. 

Therefore, we have the following for a^- for 0 < |? 7 | < Sq and x G M 

tfirst(®) ^ ^ tlast(^)) 


4<< 


-Qi 
2 ’ 

Cs, 

-t^3, 


where := (^4 + 2sup(i^,r^„)gRxKx[o,i] \fu{t,x,u)\. 

With the help of (|4.5p and (|4.6p . we are now able to bound the solution of (14.21) . Notice, the 
solution of (021) can be written as 


x) = e-^^o x)dT, x G M, t>to- (4.7) 

Jto 

Using (14.51) . (14.6p and (14.7p . we first argue as in the proof of Lemma [321 to conclude that 


sup sup 

(i,3})GRxM 0<|?7|<(5 o 


u{t, X + 77 ) — u(t, x) 
r]u{t, x) 


sup sup \w'^{t,x)\ < 00 , 
(£,a^)GMxM 0<|?7|<(5o 


which in particular implies that u{t,x) is continuous in x, since u{t,x) G (0,1). 

Now, we set a? = + fx and Using the continuity of u{t, x) in x, we 

have the pointwise limits —>• a? and 02 ^ as rj ^ 0. Then, using (14.5p and (14.61) . we can 
show that as ()3.13p . 





uniformly in to <C tfirst(a;) as 77 —)■ 0, and as (13.101) . 


with t^rstix) - to 





as 


77 —> 0 . 


Hence, setting tfirst(a;) “ = ]^ in 0-7P and passing to the limit 77 —>■ 0, we find 


Ux{t,x) 

u{t, x) 


lim 

rj^O 





(f, x) G M X M. 


This completes the proof. 


5 Proof of Theorem 11.41 

We prove Theorem 11.41 in this section. Throughout this section, we assume (HI) and (H2). To 
prove Theorem 11.41 we need the following three lemmas. For r > 0, let 

X < 0, 

X > 0. 


rr(x) = min{l, e = 


1 , 
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Lemma 5.1. There exist two continuous functions M : (0, oo) —>■ (0, oo) and 7 : (0, 00 ) —>■ (0, 00 ) 
with 7 (r) —)■ 0 such that 


[J*r,](x) 

r^(x) 


< 


X > M{r) 


for all r > 0 . 


Proof. Fix r > 0 and write F = F^. We see 
[J*F](x) 


F(x) 


-1= r Jix-y)l^dy + 


f —OO 

rO 


F(x 

Jiy) 


poo 

/ Jix-y) 

Jo 


m 

F(x) 


dy-l 


[ Jix-y)^!^dy + f J{x-y)e''’^^ y">dy-l 

J —OO ^ \^} J 0 

rO 


[ Jix-y) 

J —00 


F(a: 

m 

F(x) 


dy + 


J{y)(J^dy - 1 


J{y)e"^dy. 


Due to the decay of J at ± 00 , it is not hard to see that lim^^oo J{x — y)Y^dy = 0. In 
fact, for all large x, 




y)e^^dy < 



y)e^(* ^)(iy — 7 > 0 as X 00 . 


Since /j^J(y)dy = 1, we find lim^-^o= 1 by dominated convergence theorem. 
Clearly, lim 3 ;^oo Jiy)P'^dy = 0. The lemma then follows. □ 

Lemma 5.2. There exists tq > 0 such that if r £ (0,ro] is such that 

lim ^ J ^(^)) _ ^ uniformly in t € M, (5-1) 

x^oo c 

then, there exists Mir) > 0 such that 


1 [J*uit,- + Xit))]ix) 3 ,,, , 

- < ^ x>M(r) and t e R, 

2 - uit,x + Xit)) - 2’ - ^ ^ 


(5.2) 


and 


\[J'*uit,- + Xit))]ix)\ 


<2, X > Mir) and t G 


uit, X + Xit)) 

Proof. Let u = uit,x + Xit)). For r G (0,rg], where rg is to be chosen, we let F = F^. Write 


(5.3) 


J *u 

~ “ F 

J*F 


J*iu-T) 


J*T 


+ 1 


- 1 


- 1 


J*iu-T) 

jTT 


+ 1 


F J * (u - F) F 

- H-- - + 

u J * F u 



By Lemma [5T] and (j5.ip . we only need to treat the term for large x. 

By (15.11) . for any e > 0, there exists M(e,r) > 0 such that 

|n(t,X + X(t)) — e“™| < ee“™, x>M(e,r) and t G R. 
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Then, for e > 0, we have 


J * (m - T) 

r 

1 

* 

j*r 

~ J*T 

T 


r 

r rM{e,r) 


< 

- J*T 

/ 

. J —00 


\u{t,y + X{t)) - T{y)\ 


dy 


T{x) 

\u{t,y + X{t)) -e~^y 


< 


r 


< 


J*T 

r 


■dy 


roo 

+ J{x-y) 

JM{e,r) ® 

fMie,r) Ju{t,y + X{t))-riy)\ 

J-oo r(x) 

rM{e,r) \u{t,y + X{t))-r{y)\ . 

/ J{x-y)- -- -dy + e I J{y)eydy 

J —oo 


poo 

dy + € J{x-y)( 

J M{e,r) 


r{^-y)di 


r(x) 


j*r 

Due to the decay of J at ±oo, we have 

^M(e,r) \u{t,y + X{t))-T{y)\ 


lim 

X^OO 


riVi^e.r) 

/ J{x-y)- 

J — OO 


r(x) 


dy = 0 uniformly in t G 


It then follows from Lemma l5.II that for any e > 0, there exists M(e, r) > 0 such that 


1 

* 


J*T 

< 'y[r) 


+ e 


[ J{y)e'ydy 

Jr 


, X > M{e,r) and t G 


where 7 (r) —)■ 0 as r —>■ 0. The result (15.2p follows by first fixing e, say e = and then 
choosing rg small so that if r G (0,ro], then _ i| < i for all large x depending on r. Note 
that the term — i and Lemma l5.II restrict rg. Similar arguments lead to ()5.3I) . since 


J' *u 
u 


< 


|j'|*rr|j'|*(u-r) 
r [ |J'|*r 


+ 1 


r 

u 


This completes the proof. 


□ 


Lemma 5.3. Let u{t, x) he an arbitrary transition front of ()1.2p with interface location function 
X{t). Then, there holds 

VL > 0, inf inf u(t,x)>0. 
tmx<L+x{t) 


Proof. Fix L > 0 and x* > 0. Let Ai G (^, 1) and A 2 G (0, We define : M —> [0,1] and 
: M [0,1] by setting 




'Ai, 

X < —X*, 

u^(x) 

= < 

x,x, 

X G [—X*, 0] 



lo, 

X > 0 

Clearly, u^(- 

-vr.(*))< 

u{t,-) < U^{-- 


,M/ 


1 , 

A 2 —1 

3 ;* 

.A 2 , 


X + 1, 


X < 0, 

X G [0,X*], 
x> X*. 


^ (t)) for all t G M. Now, denote by UB{t, x; Uq) and 
UM{t, x; u^) the solutions of ut = J * u — u + fsiu) and ut = J*u — u + fM{u), respectively. 
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with initial data ub( 0, •;n^) = Uq and um{ 0, -lu^) = . It then follows from comparison 

principle and homogeneity that 

ub{T,x — X^^(t — T)-,Uq) < u{t,x) < um{T,x — X^^{t — T);u^), (t,x)GMxM (5.4) 

for all r > 0. Now, we consider a small T and let A > 0 be small. Let such that 

ub{T,^x{T^)’t'^o) = We then see from the first inequality in (15.4j) that if x < + — 

T) — 1, then the monotonicity of in x yields 

u{t,x) > ub{T,^^{T) - 1-Uq) > ub(T,^^{T)-Uq) = A, 

which then leads to 

x-(t)>ef(T) + x-jt-r)-i, tew. 

Note that if we can hnd some C > 0 such that 

it-T)> X{t) -C, t€R, (5.5) 

then we can make A closer to 0 such that ^x('^) large that X^(t) > L + X(t) + 1 for all 
t € M, which then leads to 

inf inf u(t,x) > inf inf u(t,x) > A > 0. 

teRx<L+X{t) t&Rx<X^{t)-l 

Hence, to finish the proof, we only need to show (15.5p . 

We now show (15.5p . Let us look at the interface locations for u{t,x) and UM{t,x;u^) at 
From the second inequality in (15.4p . we see 

Xt{t)<^^iT) + X+it-T) + l, t£R, (5.6) 

2 2 ^ 

where (T) is such that (T)-,u^) = Notice choosing T or A 2 smaller, we can 

2 2 _ 

guarantee that i^{T) is well-dehned. We then deduce from p5.6p that 
2 

x-(t-r)>x+(t-r)-Ci 

>Xt{t)-iY{T)-l-Ci 

2 2 

>X{t)-C2-iY{T)-l-Ci 

2 

for all t G R, where Ci = sup^g]^ \X^ (t) — X^ (t)| and C 2 = sup^g^ \Xf{t) — X{t)\. Setting 

_ 2 

C = C 2 + ^V{T) + 1 + Cl, we hnd p5.5l) . and hence, the lemma follows. □ 

2 

We are ready to prove Theorem 11.41 

Proof of Theorem \1.4\ Let tq > 0 be as in Lemma [5.21 and hx r G (0, ro]. Let u(t,x) be an 
arbitrary transition front of (|1.2p satisfying 

lim ^ = 1 uniformly in t G R. (5.7) 

..V, ^—rx ^ ' 
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To prove the theorem, we proceed as in the proof of Theorem 11.31 Thus, we only need to 
bound ^ as in (14.5p and estimate ^ as in (j4.6l) , where aP and 

are given in ()4.3p and (IHD, respectively. 

For al, we have 


i'i\< 


J*v^ 


u 


+ 


aP 

u 


^_L_( I J(x J(x - a)l ^ + „) 


u{t, x) 


V 


u{t, x) 


where Ci = sup(j 3 ,„)g]RxKx[o,i] \ fxuit,x,u)\. For a sufficiently large Mi > 0, we see from ()5.3p 
and (15.7p that 

sup sup sup |a^| < 00 . 

iEM x>Mi-\-X{t) 0<|77|<5o 

Since infigK inf 3 ,<ivf 3 _|_x(t) u{t,x) > 0 by Lemma (5^ we have 


sup sup sup |a^| < 00 . 
x‘^A4i-\-X(t) 0 <| 77 |^ 5 o 


Hence, we obtain 


sup sup |a^| < 00 . 

(£,3i)gRxM 0<|?7|<(5o 


For 02 , we first see from (j5.2h that we can find a sufficiently large M 2 > 0 such that 


1 J ^ u 3 

- < - — 9’ ® — -^2 + ^{t) and t € M. 

^ u ^ 


Since infigR inf 3 ,<A^ 2 +x(L u{t,x) > 0 by Lemma (5^ there exist Ci > 0 and 6*2 > 0 such that 


f 'll 

Cl < - <C 2 , X < M 2 + X{t) and t G M. 

u 

Then, setting = minli,^!} and 6*4 = max{ 1 ,( 72 }, we have 

—(74 < ———^ < —(73, itix) G M X M. 
u 

We then follow the arguments as in the proof of Theorem 11.31 to conclude an estimate for o^ as 
in (j4.6l) . 

The rest of the proof can be done along the same line as in the proof of Theorem 11.31 and 
then we complete the proof. □ 


6 Proof of Theorem 11.51 and Corollaries II.61 - 11.71 

In this section, we prove Theorem ll.5l Corollary 11.61 and Corollary 11.71 We first prove Theorem 

fL5l 


Proof of Theorerri, \l.,5[ Let u{t, x) be an arbitrary transition front of (jl.2p with interface location 
function X (t) as in the statement of Theorem 11.51 Then, by Theorem 12.21 and the assumption, 
we have 


ci{t-tQ-Ti) < X{t) - X{to) <C2{t-to + T2), (6.1) 
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We modify X(t) within two steps by means of (16.11) . The first step gives a continuous modifica¬ 
tion. The second step gives the continuously differentiable modification as in the statement of 
the theorem. We remark that two inequalities in (16.ip play different roles in the following argu¬ 
ments. While the first inequality in (j6.ip pushes X{t) move to the right, the second inequality 
in (j6.ip controls the possible jumps of X{t). 

Step 1 . We show there is a continuous function X : M — >■ M such that sup^gjj \X{t)—X{t)\ < oo. 
Fix some T > 0. At t = 0, let 

z+(t;0) = x(0) + c2(r + r2) + yt, t>o 

By the second inequality in (16.11) . X(t) < Z+(t;0) for all [0,T]. By the first inequality in (|6.ip . 
we have X{t) > Z+(t;0) for all large t. Define = inf{t > 0|X(t) > By (16.ip . it is 

easy to see that G [T, moment T^, X(t) may jump, but, due to the 

second inequality in (|6.1I) . the jump is at most C 2 T 2 . Thus, we obtain 

X{t) < Z+{t-, 0 ) for t € [0,r+), 

A(r+) G [Z+{T+- 0) - C2T2, Z+{T+- 0) + C2T2). 


Next, at t , let 

Z+{t-T+) = X{T+) + C2(T + T2) + ^{t- r+), t > T+. 

Then, T+ = inf{t > T+\X{t) > Z+{t]T+)} is well-dehned, and T+ - r+ G [T, 

Moreover, there hold 

A(t) <Z+(t;r+) fortG [T+,r 2 +), 

X{T+) G [Z+(r2+;T+) - C2T2,Z+{T+-,T+) + C 2 T 2 ). 

Repeating the above arguments, we obtain the following, there is a sequence of times {T^-i\n>i 
satisfying T+ = 0, T+ - r+_i G [T, ^^(T+y+ciTi j 

X{t) < Z+(t;T+_i) for t G [r+_i,T+), 

X(r+) G [z+(r+;r+_,),z+(r+;T+_,) + C2r2), 

for all n > 1, where Z+{f, T+_^) = X{T+_^) + C 2 {T + T 2 ) + - T+_^). 

We define Z+ : [0, 00 ) ^ M by setting 

Z+(t) = Z+(t;r+_i), tG[T+_i,r+), n>l 

Since sup„>;^[r^j^, T+) = [0, 00 ), Z^{t) is well-defined. It follows from (16.2p that X{t) < Z~^{t) 
for all t > 0. Moreover, for t G [T^j^,T+), 

z+{t) - x{t) < x(r+_i) + C2(r + r2) + |(t - t+_i) - [x{t+_,) + ci(t - r+_i - n)] 

< C 2 {T + T 2 ) - 2^^ ~ < C 2 (r -|- T 2 ) -|- CiTi. 
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Hence, 0 < Z~^{t) — X{t) < C2(T + T2) + ciTi for all t G [ 0 , 00). Modifying Z^{t) near T^_i for 
n > 1 , we find a continuous function : [ 0 , 00) —M such that sup^g^ \Z~^{t) — X(t)| < 00. 

Clearly, we can mimic the above arguments to find a continuous function Z~ : (—00, 0 ] ^ M 
such that sup^g(_oo o] “ ^(^)l < 00. Combining Z^{t) and modifying near 0 , we find a 

continuous function X : M ^ M such that sup^g^ |X(t) — X(t)| < 00. 


Step 2. By Step 1, we assume, without loss of generality, that X{t) is continuous. We proceed 
as in Step 1. 

Fix any tg £ and consider it as an initial moment. At the initial moment to, we define 
Z{t; to) = X{to) + Co + — to) for t > to, where Cq > 0 is so large that Co > C2T2. Clearly, 

X{to) < Z{to;to)- By the first inequality in ( 16 .ip and continuity, X{t) will hit Z{t-,to) sometime 
after to- Let Ti(to) be the first time that X{t) hits Z{t;to), that is, Ti{to) = min {t > to\X{t) = 
Z{t;to)}- It follows that X{t) < Z{t;to) for t G [to,Fi(to)) and X{Ti{to)) = Z{Ti{to)',to)- 


Moreover, Ti(to) — to S 


^ simple result of ( 16 .ip . 

Now, at the moment Ti{to), we define Z{t,Ti{to)) = X(ri(to)) + Co + ^{t — Ti{to)) for 
t > Ti(to). Similarly, X(Ti(to)) < X(Ti(to); TiPto)) and X(t) will hit Z(t;Ti(to)) some¬ 
time after Ti(to). Denote by T2(to) the first time that X(t) hits Z{t;Ti{to))- Then, X(t) < 
Z{t;Ti{to)) fort G [Ti(to),r2(to)) and X(T2(to)) = Z(T2(to);ri(to)), and T2{to) — Ti(to) G 


Ca—C2T2 Co+ciTi 
C2-C1/2 ’ ci /2 


Repeating the above arguments, we obtain the following: there is a sequence of times 
{T„_i(to)}neN satisfying ro(to) = to and 


Tn(to) — r„_i(to) G 


Cq — C2T2 Cq + CiTi 
C2-C1/2’ Cl /2 


VnGN, 


( 6 . 3 ) 


and for any n G N 


X(t) < Z(t;r„_i(to)) for t G [r„_i(to),r„(to)) and X{Tn(to)) = X(r„(to);r„_i(to)), 

where Z(t;T„_i(to)) = X(r„_i(to)) -|- Co + ^(t — T„_i(to)). Moreover, for any n G N and 
t G [r„_i(to), T„(to)), we conclude from ( 16 .ip that 


Z{t-,Tn-l{to)) - X{t) 

< x{Tn-i{to)) + Co + |-(t - r„_i(to)) - [x(r„_i(to)) + ci(t - r„_i(to) - Ti)] 

= Co + ciTi —“ T/-i(to)) < Co + ciTi. 

Next, define X(-;to) : [to,c)o) —>■ M by setting 

Z{t;to) = Z{t;Tn-i{to)) for t G [T„_i(to),r„(to)), n G N. (6.4) 

Since [to, 00 ) = UneN[Tn-i(to), Tn(to)) by (j6.3ll . Z{t;to) is well-defined for all t > to- Notice 
Z{t]to) is strictly increasing and is linear on [r„_i(to), T„(to)) with slope ^ fo^' each n G N, and 
satisfies 

0 < Z{t', to) — X{t) < Co ciTi, t > to. 
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Due to (j6.3l) . we can modify Z{t;to) near each Tn{to) for n € N as follows. Fix some 
(5* G ^0, ^ modify Z{t;s) by redefining it on the intervals (r„(to) — <5*,T„(to)), 

n G N as follows: define 

X(t-t ) = t G [to,Oo)\ UngN (rn(to) - '5*,r„(to)), 

^ “ \x(T„(to)) + 5(t - r^to)), t G (r„(to) - 6,Mto)), n G N, 

where 6 : [—(5*,0] —>■ [—^ci(5*,Co] is twice continuously differentiable and satisfies 

<^(-< 5 *) = m = Co, 

6{—6^) = -^ = 5(0), 6{t) > -^ for t G (—5*,0) and 

5{-6,) = 0 = 5(0). 

The existence of such a function 5(t) is clear. Moreover, there exist Cmax = Cniax(5*) > 0 and 
Cmax = Cmax(5*) > 0 such that 6{t) < Cmax and |5(t)| < Cmax for t G (—5*,0). Notice the above 
modification is independent of n G N and to- Hence, X{t-,to) satisfies the following uniform in 
to properties; 

• 0 < X(t; to) - X{t) < dmax for some dmax > 0, 

• ~2 — ^(^) ^o) — Cmax) 

• |^(i;io)| < Cmax* 

Since X{t) is continuous, so locally bounded, we may apply Arzela-Ascoli theorem to conclude 
the existence of some continuously differentiable function A : M —)■ M such that X{t;to) —>■ X(t) 
and X{t]to) —>■ X{t) locally uniformly in t as to ^ —oo along some subsequence. It’s easy to 
see that X{t) satisfies all the properties as in the statement of the theorem. □ 

Next, we prove Corollary 11.61 Recall that for a given transition front u{t,x) of ()1.2p . X^{t) 
are defined in (12.ip . 

Proof of Corollary \1.6[. We modify the proof of Theorem 12.21 Let u{t,x) be an arbitrary tran¬ 
sition front of with interface location function X{t). Since f{t,x,u) < 0 for {t,x,u) G 

M X M X [0, 0], we can find a function fi{u) such that f{t, x, u) < fi{u) for {t,x,u) G M x M x [0,1], 
where // : [0,1] ^ M is and is of standard ignition type, that is, there exists 6j G (0,1) such 
that 

fi{u) = 0, u G [0, Oi] U {!}, fi{u) > 0, tt G {6i, 1) and fj{l) < 0. 

Fix some A G {9, 1). We write X~^{t) = X^{t). Since sup^gj^ 1-^(0 “ ^^(^)l < oo by Lemma 
EH it suffices to show 

X^{t) - X~^{to) < c{t - to + T), t>to (6.5) 

for some c > 0 and T > 0. 

To do so, we fix some 6j G (0, 6j). Let (c/, cpj) with c/ > 0 be the unique solution of 

Lj * (f - (p + c(pr, + fi{(l)) = 0 , 

< 0, (^(0) = Oj, 4>{—oo) = 1 and (j){oo) = (9/. 
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Note that (pj connects Oj and 1 instead of 0 and 1 (see AppendixOfor more properties about pi] 
in Appendix lAl we consider traveling waves connecting 0 and 1, but by simple shift, all results 
there apply here). 

Let uq ; M —>■ [0,1] be a uniformly continuous and nonincreasing function satisfying uo{x) = 1 
for X < 0 and uo{x) = 9i for x > xq, where xq > 0 is fixed. Clearly, u(to, ■ + Xf (to)) < uq. 
Applying comparison principle and Lemma lA.li we find 

u{t, X + {to)) < Ui{t - to, X] Uo) < pi{x - Ci{t - to) - o) + x G M, f > to- 

t>i 

Let C/(i) be the unique point such that ^ and T > 0 be such that ^ 

(we may make e/ > ^ if necessary). Setting x* = ci{t — to) + ?/ + ?/(^); we conclude from the 
monotonicity of pj that for x > x* + 1 and t >to + T, 

u(t,x + A^(to)) < pi{x^ + 1 - ci{t - to) - Ci) + eie~‘^^'^ 

< Pi{x^ - Ci{t - to) - 6) + = A. 

It then follows from the dehnition of X~^{t) that 

X~^{t) < X* + 1 + X^^{to) = ci{t — to) + '^7 + + 1 + t > to T. 

Setting C* := sup^^gjg |A+(to) — Xf (to)| < oo due to Lemma I^TTl we conclude 

A^(t) — A^(to) < c/(t — to) + ^7 + + 1 + C*^ t > to + T. 

It remains to show that 

X+(t) - A+(to) te[to,to + T] (6.6) 

for some C* > 0 independent of to. To do so, let uq be the no in the proof of Theorem l2.2l Then, 
we have no(- - -T“(to)) < n(to, •) < no(' - AA(iQ)), where X“(t) = X~{t). Since fB<f< fi, 
we apply comparison principle to conclude that 

UB{t - io,x - X~{to)]Uo) < u{i,x) <ui{t - to,x - xf {to)]Uo), x G M, t > to. 

We then conclude (16.6p from the continuity of UB{t — to, x — X~(to) and ui{t — to,x — Xf (to); no), 

_ 

and the fact sup^^guj |A“(to) — X'^ (to)| < oo due to Lemma [2T] This completes the proof. □ 
Finally, we prove Corollary 11.71 

Proof of Corollary Note first we can find a Fisher-KPP nonlinearity /kpp : [0,1] ^ M 
such that /(t, X, n) < fKPp{u) for all (t,x, n) G M x M x [0,1]. Let n(t, x) be the transition front 
as in the statement of Corollary 11.71 that is, there exist r > 0 and h > 0 such that 

n(to, X + X(to)) < {to, x) G M x M, 

Fixed A G (0,1). Setting ho '■= h + sup^^gig |Ai(to) — -T)J“(to)| < oo, we hnd 

u{to,x + X^{to) + ho) < e“™, (to, x) G M x M. 
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Then, we can find some uniformly continuous function uq :M ^ [0,1] satisfying 


lim uo(3;) = 1 and lim = 1 

X—> —CXD X—>-CXD e 

such that 

u{to,x + (to) + ho) < uo{x), {to, x) G M X M. 

Note that we may assume, without loss of generality, that r is so small that it is the decay 
rate of some traveling wave of cj)r{x — Crt) (satisfying (f>r{—oo) = 1 and 4>rioo) = 0) with speed 
g ^ Is J(i/)e’~^t^y-l+/KPp(0) > 0 of 


Ui, = J*u-U + fKPp{u), 

that is, lim,j;^oo = 1 (see [E] and [57]). In particular, we have 


Moreover, there holds 


TTT = 

x-^-oo (Pr[x) 


y 4>rix) 
iim —-“w = ~x- 

x-^oo (Pr{x) 

<t>r I /Kpp((/>r) _ 


(6.7) 


( 6 . 8 ) 


(6.9) 


To see this, we notice - 1 + + -^KP^^Pr-j ^ Clearly, lim,j,^oo = /kpp(O)- 

For ^4^, we have 

4>r ’ 


[J * (l)r\{x) 

4>r{x) 


XTT / Jiyy^ ^'’^r(x 1) dy ^ J{yW^dy as x ^ oo 
(Pr{x) Jr e-n^-y) 


by (16.81) and dominated convergence theorem. From which, we conclude (|6.9p . 

Then, arguing as in the proof of Corollary 11.61 we conclude the result from the stability of 
(j)r{x — Crt), that is. 


lim 

t^OO 


UKPpjt, x; Up) ^ 
(j)r{x Crt) 


= 0 , 


( 6 . 10 ) 


where UKPp{t,x-,uo) is the solution of (j6.7p with initial data mkpp(0,-;^o) = uq. We remark 
that (|6.10p follows from (57] Theorem 2.6]. Also, by means of (16.81) and p6.9p . it can be proven 
as that of [Ml Theorem 1.3]. □ 
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A Ignition traveling waves 

Consider the homogeneous ignition equation 

ut = J * u — u + fi{u), (t, x) € M X M, (A.l) 
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where J is as in (HI), and the function // : [0,1] —>• M is of standard ignition type, that is, 
there is 6i £ (0,1) such that 

fi{u) = 0, M £ [0, Oi] U {!}, fi{u) > 0, u £ {9i, 1) and /|(1) < 0. 

It was proven in m that the problem 

ij*(j)-4i + c4ix + fi{4>) = 0, 

< 0, i;i)(0) = Oj, (/>(—oo) = 1 and (p{oo) = 0. 

for (c, (/>) has a unique classical solution (c/, (j)i) with c/ > 0. 

We used the following result in the previous sections. 

Lemma A.l. Let uq ^ [0,1] be uniformly continuous and satisfy 

lim Uo{x) = 1 and Uo{x) < g-'^o(x-xo)^ x £ M 

x—>■—OO 

for some oq > 0 and xq £ M, then there exist uj = a;/(ao) > 0 and e/ > 0 such that for any 
€ £ (0, €i] there exist = ^^(e, uq) £ M sueh that 

4>i{x — cjt — fj) — ee~‘^^^ < ui{t, x] uq) < (pi{x — cjt — x £ R 

for all t>0, where ui{t,x]Uo) is the solution of (lA.ip with initial data u/(0,-;no) = uq. 

Lemma lA.ll can be proven as [521 Theorem 1.4]; we here simply recall it for completeness. 
To do so, we fix Li > 0 so large that 

(pii-Li) > and (fiiLi) < y, 

where Oj £ (0/, 1) is such that 

f'i{u) < -Pi, u £ [(9/, 1] (A.2) 

for some /?/ > 0 (such 6j and Pi exist due to fj{l) < 0). 

For a > 0, let Tq : R ^ [0,1] be a smooth nonincreasing function satisfying 

p ^ fl, x< -Li - 1, 

“ “ |g-a(x-Li), x>Li + l. 

We have 

Lemma A.2. There exists a* > 0 such that such that for any a £ (0, a*] there exists L 2 = 
L 2 {a) > Li + 1 such that 

I [J * Fa] (x) - I < , x > L 2 . 

Proof. See [52l Lemma 4.1]. It requires the symmetry of J so that J(x)e“^dx—1 = O(a^). □ 

Now, we prove Lemma lA.ll 
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Proof of Lemma \A.l[ Let a = ^ and L 2 = ^ 2 ( 0 ) as in Lemma lA.21 For any e G (0, e/], where 
e/ > 0 is to be chosen, we can find (c; '^^o) S M such that 

4)i{x — f,~) - eVaix - < uo{x) < — f,'^) + eTaix - x€R. (A.3) 

Setting ± ^(1 — where A > 0 and w > 0 is to be chosen, we define 

u^{t, x) = (f{x — ct — ± ee“^*r(3: — ct — t >0, 

where 0 = 0/, c = cj and F = Lq. Clearly, ri“(0, ■) < uq < ri“'"(0, •). Thus, if we can show that 
u~{t,x) and x) are sub- and super-solutions, respectively, then the lemma follows. 

We show that u~{t,x) is a sub-solution; u~^{t,x) being a super-solution can be proven along 
the same line. We compute 

uf -[J *u~ - u~] - fi{u~) 

= Aee-^^' + ewe-'^^F - ee-^\Aee-^^ - c)r' + ee-‘^‘[J * F - F] + //(0) - //(u”), 

where cj), 0', F and F' are computed at x — ct — and J *T = J{x — y)T{y — ct — f,~{t))dy. 
We consider three cases. 


Case 1. X — ct — C~(t) < —L/ — 1 In this case, F = 1, F' = 0 and hence J^F — F < 1 — 1 = 0. 
Moreover, 0 > by the monotonicity of 0 and the choice of Li, which implies that u- > 
0 — e/ > 0/ if we choose 


e/ < 


l-Oi 

2 


(A.4) 


It then follows that fi{(p) — fi{u ) < —efije ^^F. Hence, we obtain 


— [J * u — u ] — fi{u ) < wee “^^F — e/3/e ‘^^F < 0 


if we choose 

w < 0/. 


(A.5) 


Case 2. X — ct — (t) G [—Li — 1, L 2 ] In this case, 

Aee“^*0' < Aee~‘^^ sup 4>'{x) < 0, 
xG[—Li — 1,L2] 

ewe-'^^F - ee-‘^\Aee-^^ - c)r' + ee-^^[J * F - F] < ee-‘^'(w + 1) 

if we choose 

6/ < (A.6) 

and fi{4>) — fi{u~) < (sup„g[o^ 2 ] l//('“)l)^®~^* (note that it’s safe to extend // to (1,2] so that 
suPug[o, 2 ] I//('“) I < then follows that 


[J * u 


-u ]- fi{u ) < ee 


A sup 

xG[—Li — 1^L2] 


(j)' (x) + CO + 1 + sup \fj{u)\ 

u€[0,2] 


< 0 


if we choose 




-1 

■ 

A>- 

sup 0^(x) 


1 + 2 sup |/}(u)| 


— L\ — 1,_L2] 


uG[0,2] 


(A.7) 


since w < 0/ < sup„g[Q 2 ] \fj{u)\ due to (IA.5p . 
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aF and hence 


Case S. X — ct — ^ > ^2 In this case, F = e ^ h) r' = — 

ewe-^'^F - ee-^\Aee-^^ - c)F' = ee-‘"*[w + - ca]T. 

By Lemma EH we have * F — F] < ee“‘^*^F. Since fi{(t)) = 0 = fi{u~) (note it’s safe 

to do zero extension of / on (—oo,0)), we obtain 


— [J * u — u ] — fi{u ) < ee 


—ut 


Lo + Aaee — ca + 


ac 


F < 0 


if we choose 

ac ^ c ,, . 

u) < — and ei < —— (A.8) 

~ 4 ~ 4A 

Consequently, if we choose A as in (IA.7p . co as in (jA.Sp and (jA.Sp . and e/ as in PA.4h and 
()A.8p . then we have — [J * u~ — u~] — fi{u~) < 0 for t > 0. This completes the proof. □ 
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